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Abstract

In seismic waveform inversion, if we have no information on source signature, we need to invert seismic data and
source signature either simultaneously or successively. In order to avoid the iterative update of the source signature in
waveform inversion based on classical, local optimization techniques, we propose two source-independent objective
functions using amplitude spectra of Fourier-transformed wavefields. One is constructed by normalizing the amplitude
spectra of observed data and modeled data with respect to the respective reference amplitudes. The other is achieved by
cross-multiplying the amplitude spectra of observed data and modeled data with the respective reference amplitudes. In
the computation of the steepest descent direction, we circumvent explicitly computing the Jacobian by employing a
matrix formalism of the wave equation in the frequency domain. Through numerical examples for the Marmousi
model, we demonstrate that our inversion algorithms can reproduce the subsurface velocity structure without estimat-
ing source signature.
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1. Introduction

Seismic inversion has been used to delineate the subsurface velocity structure from seismic data. Seismic
inversion has been mainly performed by traveltime tomography or waveform inversion. Traveltime tomog-
raphy of treating refraction or reflection events is performed on the basis of the kinematic property of seis-
mic data [1-3], whereas waveform inversion employs the dynamic property of data [4,5]. Since traveltime
tomography is a high-frequency approximation, it cannot always describe the model whose velocity vari-
ations are similar to or less than source wavelength [5]. On the other hand, waveform inversion, which
is based on wave propagation, gives more refined velocity structures than traveltime tomography, although
waveform inversion requires more massive computation than traveltime tomography.

In the beginning, seismic inversion was mainly performed by directly calculating the Jacobian. Since
Lailly [6] and Tarantola [7] suggested using the backpropagation algorithm of reverse time migration
(e.g., the adjoint state of the wave equation) in seismic inversion, the backpropagation algorithm was exten-
sively used to elegantly compute the steepest descent direction in waveform inversion [4,8-20].

Since full waveform inversion is performed by applying wave equation, we need to know exact source
signature to obtain a subsurface velocity structure that is compatible with true velocities. In the case of
the exact source wavelet not being known, we iteratively estimate source wavelet in addition to velocity
structure in waveform inversion algorithm. Zhou et al. [22] and Pratt [19] suggested methods of estimat-
ing source wavelet in waveform inversion algorithm, and found that the iteratively estimated source
wavelet is very sensitive to estimated velocity structure. As a solution to this problem, Zhou et al. [22]
suggested that successive inversions for source signature and velocity structure should be repeatedly
executed until reasonable solutions for both source signature and velocity structure can be obtained.
In order to avoid the additional work of inverting source wavelet, Lee and Kim [21] and Zhou and
Greenhalgh [5] proposed source-independent waveform inversion algorithms, which are based on the con-
ventional inversion technique directly computing the Jacobian. For the source-independent waveform
inversion algorithm, Lee and Kim [21] used the normalized wavefields with respect to a reference wave-
field in the frequency domain. The objective function constructed by Zhou and Greenhalgh [5] is similar
to that by Lee and Kim [21], except that Zhou and Greenhalgh [5] only used the amplitude spectrum
among spectral data obtained by the Fourier transform. Although Zhou and Greenhalgh [5] only used
amplitude spectra, they obtained realistic results in the inversion of crosshole data.

In this study, we propose two different source-independent amplitude inversion algorithms. One is con-
structed by normalizing the amplitudes of modeled data and field data with respect to amplitudes of the
respective reference wavefields like the method suggested by Zhou and Greenhalgh [5]. The other is ob-
tained by cross-multiplying the amplitudes of modeled wavefields and field data by the respective reference
amplitudes. In the former, the source wavelet is removed by deconvolution; in the latter, the source wavelet
is eliminated by convolution. The main characteristic of our waveform inversion techniques is related to the
computation of the steepest descent direction. In the following sections, we construct the two source-inde-
pendent objective functions, and show how to compute the steepest descent direction in the source-indepen-
dent waveform inversion algorithms. In order to demonstrate our waveform inversion algorithms, we
present numerical examples for the Marmousi synthetic data.

2. Theory
2.1. The first source-independent objective function using deconvolution

In the frequency domain, since time series are expressed by the amplitude and phase spectra, we can
write the observed data as
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dij(w) =A%, i=1,2,...,m j=12,...n, (1)

where o is the angular frequency, A"( ) and Hd( ) are the amplitude and phase spectra of the ob-
served data, respectively, and 7 and j denote the source and receiver points, respectively. The superscript
d is used to discriminate the field data from the modeled data that will be indicated by the superscript
u. If we consider ideal, 2D acoustic media without intrinsic attenuation, seismic data observed at the
surface are defined as the convolution of the source wavelet and the impulse response in the time
domain:

d, (1) = w(t) % ri(2), (2)

where w(¢) is the source wavelet and r; () is the impulse response. The frequency-domain relation corre-
sponding to Eq. (2) is given as

d; () = w(w)F (o). 3)

In Eq. (3), we note that the amplitude A of Eq. (1) is composed of amplitudes of source wavelet and
impulse response, as follows:
d _ d
Ai_j(w) =S (a))ai_’j(w), 4)

where s*(w) and a{;() are the amplitudes of source wavelet and impulse response for the observed data,
respectively.

If we arbitrarily choose a reference wavefield and normalize observed wavefields with respect to the ref-
erence wavefield just for amplitude spectra, we obtain

i) Ai(w)  sYo)dl(o)  al(o)

(@) A g(@) )l (@) a () ®)

where the subscript ref indicates the reference data. In Eq. (5), since source wavelet is the same, we obtain
the source-independent amplitude ratio.
Similarly, we can represent the normalized amplitude of the modeled data as

|ili,j(w)| _ A?/(w) _ Su(w)a?,j(w) _ a:{,‘(w)
|1:'li,ref((}))| A?ref<w) st (w>a:{ref(w) a?,ref(w) ’

(6)

where the superscript u indicates the modeled data.

For source-independent waveform inversion, we define the objective function as /, norm of residuals be-
tween normalized amplitudes of field data and modeled data with respect to the respective reference ampli-
tudes. The objective function is expressed for a single frequency as

A Ad

1|4 t.jz
SRs{EEr ol g

The model parameter minimizing the objective function is obtained by computing the derivative of Eq. (7)
with respect to the kth model parameter p,, as follows:

A?] ;1/ 0 A“
=y 2 \ar s ) o \ s ) (8)
pk i iref 1 ref pk 1 ref

where the derivative of amplitude with respect to py is given as
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o (4 1o Ay
u = ( > - ! 2 . (9)
apk iref z ref apk ( u f) apk

We can compute the partial derivative of amplitude with respect to model parameter p; using partial deriv-
ative of the modeled wavefield with respect to p,. The partial derivative of the modeled wavefield divided by
the modeled wavefield can be written as

1om, 1oy o0
i;; Op, A?,j Oy Py 7

(10)

and then the partial derivative of amplitude is defined as

4", .
”fA;'jRe{~L %} (11)
Oy ' u;; Opy

Substituting Egs. (9) and (11) into Eq. (8) gives

A Ad 1 A" i . 1 Oty er [ AL Ad
=2 3R ) e s e e A (12)
apk i tref A Ai,ref Ui apk Ai,reful’«,ref apk iref A

i,ref iref

which can be rewritten in a matrix form as

4 A A[[ T
il i A -0 1
i d
il AzTCI‘ Ai‘,ref

o | A (A A CoT| o
a—E:Zl,Re 1 {%} i \ A~ A7) | Cirer [a“z} 1 (13)

2 A rer 0P Py

u
Ai,ref

with

AL A7
Ci,ref = § [( u . Adj )A[J‘| . (14)
Jj i,ref iref

We can rewrite the gradient vector as

OE 1 [oa]"
L _N"Re o, 15
apk 21: { zref |:apk:| } ( )

where r; is the residual vector whose components are expressed as

Av [ oA A9, .
a;ff(Au”.—A,d”)’ J # ref,
* R .rel
r,',j = (16)

d
A (A _ Ay ) _ G j = ref
Ui j :Aref Agrcf i pef

In Egs. (15) and (16), if we compute the partial derivative wavefield for an entire model parameter and aug-
ment the residual vector by adding zeroes, we can express the total gradient for the entire model parameter
as
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el "

iref

with
Aj’(/t A?k A;{A .
alam- =) k = j and k # ref,
o iref iref
Fik = § 4 [ 4k A% Ciref . (18)
iz =) o k= j and k = ref,
1, 1“7‘:‘ I.I'Cf 1,rel
0, k #J,

where j indicates the receiver point.

In Eq. (17), the partial derivatives of the modeled wavefields can be expressed by using the forward mod-
eling operator S and the virtual source matrix V, as they are in the reverse-time migration (e.g., Egs. (A.8)—
(A.12) in Appendix A) [26], which results in

% =2 ZRC{A: V?[S‘]%}Aw (19)

i ) iref

for the entire frequency. By comparing Eq. (19) with Eq. (A.11) for the reverse-time migration, we can
note that the source-independent waveform inversion has the same numerical algorithm as that of the
reverse-time migration. In Eq. (19), since the forward modeling operator S is symmetric and the self
adjoint, the term [S™']"r; implies backpropagating the residuals. As a result, we can determine the steep-
est descent direction by backpropagating the residuals between normalized amplitudes of observed data
and modeled data, and then convolving the backpropagated residuals with the virtual source (e.g.,
Appendix A; [26]).

In this source-independent waveform inversion, we note that the reference wavefields can be arbitrarily
chosen among wavefields observed or computed at all the receiver points. As an alternative of the inversion,
we can also repeat the inversion process one by one so that wavefields of all the receivers can be the refer-
ence wavefield, and then average the resulting velocity models.

2.2. Source-independent objective function using convolution

An alternative to building a source-independent objective function is to cross-multiply both observed
data and modeled data by the respective reference amplitudes. In this case, the objective function can be
given at a single frequency as

F= Y3 & [ alo) ) o)t o

2

= I3 5 [0 @)at ()5 () — a5 (@) ()5 ()] (20)

Since the amplitudes of source wavelets for both observed data and modeled data are included in both
terms, the source effect also disappears in this objective function. Similarly to the former source-indepen-
dent waveform inversion using deconvolution, we can compute the steepest descent direction for the entire
frequency by using

2—5 = Z ZRe{ViT[S*I]Tr,}Aw (21)
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with the residual vector

A4 4" .
—u‘k ok (AZrefA?,k - AzrefAik), k = j and k # ref,

Vik = Afl,re AI‘A. d u u d Cz/'.re . 22

g # (AiJefAi,k - Ai,refAi,k> - u,—retf’ k = j and k = ref, (22)
0, k #J,
where

C;,ref = ZA?,refAzj |:Az(‘1,refA?,j - A?,refA;],j:| . (23)

J

In this source-independent objective function using convolution, we also propagate the residuals of
weighted amplitudes, and then compute the gradient vector by calculating the zero-lag value of convolution
between the backpropagated residual and the virtual source.

3. Numerical examples

We test our source-independent waveform inversion algorithms for synthetic data of the IFP Mar-
mousi model [23]. Fig. 1 shows the Marmousi model with the grid interval of 16 m. In Fig. 1, horizontal
and vertical distances of the Marmousi model are 9.2 and 3 km, respectively. We generate synthetic seis-
mograms of the Marmousi model using the 9-point frequency-domain finite-difference operator sug-
gested by Jo et al. [24] for 61 frequencies ranging from 0.3 to 18.75 Hz. We locate 556 shots with
intervals of 16 m at the surface: The first shot lies at 0.16 km, and the last shot is located at
9.04 km. For each shot, we place 576 receivers at all the surface nodal points. Fig. 2 shows an example
of synthetic seismogram generated for the Marmousi model, when a source is located at the distance of
4.016 km.

For an initial model of waveform inversion, we choose a linearly increasing velocity structure whose
velocity varies from 1.5 to 4.5 km/s with depth as shown in Fig. 3(a). Fig. 3(b) shows the velocity model
inverted by the first source-independent waveform inversion algorithm using normalized amplitudes at
the 100th iteration, whereas Fig. 3(c) shows the finally inverted velocity model at the 360th iteration. In
Fig. 3(c), the velocity of the shallow subsurface is compatible with the true velocity model. Although the

Distance (km)

0 2 4 6 8 Kkm/s
0 -
=3 5
£
£ 4
(=8
[0]
=]
2 3
2

Fig. 1. The Marmousi model with the grid interval of 16 m.
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deeper subsurface also converges with the true velocity model as the iteration increases, the reservoir and its
neighboring structure are not clearly seen in the finally inverted velocity model. Furthermore, the left and
the right part of the inverted velocity structure are still far from the true velocity structure. Fig. 4 shows the
history of rms error. The rms error slowly decreases as the inverted velocity approximates the true velocity
model.

Fig. 5(a) and (b) shows the velocity models inverted by the second source-independent inversion algo-
rithm using convolution at the 100th and 360th iterations, respectively. From Fig. 5(b), we note that the
inverted velocity model is almost the same as that of the first objective function using normalized amplitude
(e.g., Fig. 3(c)). Fig. 6 shows the history of rms error, which is also similar to that of the first objective
function.

In general, since low-frequency components of real data are mixed with noise, we often discard low-
frequency components less than 5 Hz in seismic data processing. In order to investigate if our algorithm
can be applied to data that are lacking low-frequency components, we also test the first inversion algo-
rithm using deconvolution for the Marmousi synthetic data without frequencies less than 5 Hz. Fig. 7
shows the inverted velocity model at the 250th iteration. By comparing Fig. 7 to Fig. 3(c), we note that
although shallow subsurface structure is comparable to the true velocity model, the resolution of the

Distance (km)

Fig. 2. A synthetic seismogram generated by using 9-point frequency-domain finite-difference operator for the Marmousi model, when
a source is located at 4.016 km.
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Fig. 3. Numerical examples of the first source-independent waveform inversion using deconvolution for the Marmousi model: (a)
initial velocity model, (b) the 100th inverted velocity model and (c) the 360th inverted velocity model.

whole structure is not as good as that obtained by using the entire frequency band. Fig. 8 shows the
history of rms error. In Fig. 8 we see that the rms error decreases to 10% of initial value, which is larger
than that of entire frequency data.



Y. Choi et al. | Journal of Computational Physics 208 (2005) 455-468 463

1e-04 1

5e-05 | R

RMS error

0e+00 . L L L
0 100 200 300 400
lteration number

Fig. 4. The history of rms error in the first source-independent waveform inversion using deconvolution.
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Fig. 5. Numerical examples of the second, source-independent waveform inversion using convolution for the Marmousi model: (a) the
100th and (b) 360th inverted velocity models.
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Fig. 6. The history of rms error in the second, source-independent waveform inversion using convolution.
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Fig. 7. The velocity model inverted by the first, source-independent waveform inversion for the Marmousi synthetic data without low-
frequency information less than 5 Hz at the 250th iteration.
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Fig. 8. The history of rms error in the first, source-independent waveform inversion for the Marmousi synthetic data without low-
frequency information less than 5 Hz.
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4. Conclusion

We presented two source-independent seismic inversion algorithms employing amplitude spectra of Fou-
rier-transformed wavefields. In our algorithms, we constructed source-independent objective functions by
either deconvolution (expressed by dividing in the frequency domain) or convolution (described by multi-
plying in the frequency domain). In the case of deconvolution, we normalized amplitudes of modeled data
and observed data with respect to the respective reference amplitudes and then defined the objective func-
tion as the /, norm between residuals of the normalized amplitudes. On the other hand, in the case of con-
volution, we cross-multiplied amplitudes of modeled data and observed data with the respective reference
amplitudes. The reference wavefield can be arbitrarily chosen among wavefields at surface receiver points.
For the calculation of the steepest descent direction, we did not directly compute the Jacobian, but used the
backpropagation technique of reverse time migration on the basis of the symmetry of Green’s function. The
numerical algorithm of our inversion techniques is equivalent to that of conventional pre-stack reverse time
migration and waveform inversion.

From numerical examples for the Marmousi synthetic data, we note that our inversion algorithm gives
inverted velocity structures compatible with true velocity models without numerically estimating source sig-
nature. In order to demonstrate the feasibility of our algorithm to real data, we also tested our algorithms
for the Marmousi synthetic data without low frequencies less than 5 Hz. In this case, although the velocity
model inverted without low frequencies is not as good as that of whole frequency data, the inverted velocity
structure is still comparable to the true velocity structure. In spite of these numerical examples, we still hes-
itate to assert that our source-independent waveform inversion algorithms can be applied to real data col-
lected in the 3D elastic media causing mode conversion, scattering, and intrinsic attenuation, because we
construct our algorithms on the assumption of the ideal, 2D acoustic media. Application of our algorithms
to real data may require some correction for 3D elastic effects, a topic that will be studied in the future.

Considering that the waveform inversion employs the same numerical algorithm as reverse time migra-
tion, we expect that our source-independent algorithm can be applied to the reverse-time migration without
estimating the source wavelet. In the future, we will apply our source-independent algorithm to 2D elastic,
3D acoustic, and 3D elastic waveform inversions. We can also extend our algorithm to time-domain wave-
form inversions.

Appendix A. Reverse time migration

We examine numerical algorithm of 2D reverse-time migration following the 1D reverse-time migration
algorithm presented by Shin et al. [26]. Since the partial derivative wavefield with respect to the model
parameter can be interpreted as the sensitivity of wavefields to the perturbation of model parameter [27],
we can establish a numerical expression of the migrated image for the kth model parameter, as follows:

6u,-‘-t .
=32 a;i)d,«v,.(t), i=1,2,...,N, and j=12,... N, (A1)
i Jj t

where u;; and d;; are the modeled data and the observed data, respectively, and i and j indicate the source
and receiver pomts, respectively.
In the frequency domain, the equivalent of Eq. (A.1) can be written as

Z Z Z o) i,j ) (A2)

p apk

or
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our;

where d, () and [dii; ;(w) /dp,] are the Fourier transforms of d; A1) and [Ou; (1)/0py], respectively, and * de-
notes the complex conjugate. For convenience, we consider a single frequency, which allows us to omit the
summation about frequency.

In Eq. (A.2), the migrated image is described by the field data observed at the surface receiver points and
the partial derivative wavefields computed at the surface receiver points. We can rewrite Eq. (A.2) by using
the partial derivative wavefield for an entire model parameter, as follows:

r ~x*

~ )
Big() O, (0) YN, (@) ik (w) '
p, p p p
Bpp(@) V(@) Ow, (@) Qi () — ( )
@ — Z P, ) ) P, di,Nr o) | (A4)
i : : : " : 0
Q1 () . Oiij N, () afli.NH 1 (») . O x (w) .
L Opx Opx Opk V% a ’
(- 0 -
Eq. (A.4) can be expressed in a matrix form as
o (w)]"
D= r'(w A5
2 { o ] (@) (A-3)
with
ai I k = .7
() = 4 Gisl@) J (A.6)
0, k#J,
where j indicates the surface receiver point.
In a similar method, Eq. (A.3) can be expressed as
o' ()"
o= ! r;(w). A7
2 { op ] () (A7)

The partial derivative wavefields in Egs. (A.5) and (A.7) can be computed by taking the derivative of the
matrix equation given in forward modeling.

In forward modeling of wave equation using frequency-domain finite-difference or finite-element meth-
ods, we solve the discretized matrix equation written for a single frequency by

S(w)u;(w) = fi(w), (A.8)

where S(w) is the complex impedance matrix and f{w) is the ith source vector [25]. Taking the partial deriv-
ative of Eq. (A.8) with respect to the kth model parameter p; gives

S(w) af;;j)) S asa;j)) i(w) or a"a—]? =S (0)viu(w) (A.9)
with
Vir(@) = — az;f) (o), (A.10)

where v; x(w) is defined as the virtual source vector with respect to the kth model parameter [4].



Y. Choi et al. | Journal of Computational Physics 208 (2005) 455-468 467

On the basis of Egs. (A.9) and (A.10), we can rewrite Egs. (A.5) and (A.7) for an entire frequency band
as

® =33 Vi@)Is " ()'r() (A1)
or
® =3 3V @)Is () (o), (A.12)

where V(o) is the ith virtual source matrix, whose column is the virtual source vector v; ;(®) with respect to
the kth model parameter:

Vi(w) = Vir(o)via(o) - vy (o)]. (A.13)

Note that the complex conjugate in the frequency domain represents time-reverse in the time domain, and
the forward modeling operator S is symmetric. Then, the product of the last two terms [S™'(w)] ¥ () in
Eq. (A.11) describes downward-propagation of the time-reverse surface wavefield. In Eq. (A.11), we can
obtain a migrated image by downward propagating time-reversed surface wavefields and then convolving
the downward-propagated wavefields with the virtual source. Similarly, in Eq. (A.12), a migrated image is
obtained by backpropagating normal (unreversed) surface wavefields and then taking the zero-lag cross-
correlation between the backpropagated wavefields and the virtual source. Eq. (A.12) is a general fre-
quency-domain expression of reverse-time migration that is mainly implemented by time-reversed marching
of surface data in the time domain. In the frequency domain, however, we favor Eq. (A.11), which is an
alternative expression of reverse-time migration.
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